2.5.2 Derivation of the Equation of Radiative Transport of Energy

This equation is written as a condition for the temperature gradient necessary for the
required energy flow outwards in a stellar interior.

For radiative transport in stars, the mean free path ¢, of the “transporting particles”
(= photons) is very small compared to the characteristic length R (= stellar radius) over
which the transport extends: £,,/Re &~ 3 x 1071, We can therefore treat the radiative
transport as a diffusion process and this produces an enormous simplification in deriving
the equation of radiative transport.

From diffusion theory, the diffusive flux 7 of particles (per unit area and time) between
places with differing particle density n is given by

J=—-DVn (2.6)
where D is the coefficient of diffusion which is given by:

D = -vl, (2.7)

and is determined by the average values of mean velocity v and mean free path ¢, of the
particles.

For a stellar interior, to obtain the corresponding diffusive flux of radiative energy F, we
replace n by the energy density of radiation U where

U =al? (2.8)

v by the velocity of light ¢ and ¢, by ¢y, where f,, = 1/kp i.e. the transporting particles
are photons. Here, a is the radiation density constant.

Assuming spherical symmetry, F has only a radial component

F, =|F|=F(r) (2.9)
and VU reduces to the derivative in the radial direction:
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Then equations (2.6) and (2.7) become

Flr)= —— — o — (2.11)

Note that this equation can be interpreted formally as an equation for heat conduction
by writing
F = —FkqVT (2.12)



where

dacT?
kppg = —— 2.13
=3 (2.13)

which represents the coefficient of conduction for radiative transport.

We solve (2.11) for the temperature gradient and replace F(r) by the luminosity
L(r) = 4nr?F(r) (2.14)
then
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As the surface of the star is approached, this simple equation becomes invalid because
the density decreases, and thus the mfp increases until it exceeds the remaining distance
to the stellar surface. The diffuse approximation breaks down and we have to solve the
equation of radiative transfer in the stellar atmosphere (Section 3).

2.5.3 The Rosseland Mean Opacity kg

The above equations are independent of frequency v; F' and L are integrated over all v so
that the opacity x must represent a “proper mean” over v. We can now derive the average
form for this opacity. Since k depends on v, we add a subscript v to frequency-dependent
quantities:
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Inserting into (2.16) and integrating over all v to obtain the total flux F,
- 4 [~ 1 OB
F=- —/ — 2 | vr. 2.20
lSp 0 Kk, 0T V] v (2:20)

We have thus regained (2.12) but with

krad =
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Equating this expression for k,,q to that in the averaged form of (2.13), we have the proper
formula for averaging the absorption coefficient:

L_ 7 /OO LB, (2.22)
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Since
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then the formal equation for the Rosseland mean opacity kg is given by
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We can now write the equation of radiative transport in the standard form using kg.
From (2.20) and (2.14),
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and with equation (2.23),
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i.e. L(r) is proportional to the temperature gradient with a coefficient that depends on the
properties of the matter and the temperature. This is the equation of radiative transport.



